The aim of this paper, firstly, is to construct generating functions of q-Euler numbers and polynomials of higher order by applying the fermionic p-adic q-Volkenborn integral, secondly, to define multivariate q-Euler zeta function Barnes-type Hurwitz q-Euler zeta function and l-function which interpolate these numbers and polynomials at negative integers, respectively. We give relation between Barnes-type Hurwitz q-Euler zeta function and multivariate q-Euler l-function. Moreover, complete sums of products of these numbers and polynomials are found. We give some applications related to these numbers and functions as well.
Introduction, definitions, and notations
Let p be a fixed odd prime. Throughout this paper, Z p , Q p , C, and C p will, respectively, denote the ring of p-adic rational integers, the field of p-adic rational numbers, the complex number field, and the completion of the algebraic closure of Q p . Z Z ∪ {0}. Let v p be the normalized exponential valuation of C p with |p| p p −v p p 1/p cf. 1-28 . When we talk about q-extensions, q is variously considered as an indeterminate, either a complex q ∈ C, or a p-adic number q ∈ C p . If q ∈ C, we assume that |q| < 1. If q ∈ C p , then we assume |q − 1| p < p −1/ p−1 so that q x exp x log q for |x| p ≤ 1. For a fixed positive integer d with p, d
1, set
Z/dp N Z, a dpZ p , a dp N Z p {x ∈ X : x ≡ a mod dp N },
1.1
where a ∈ Z satisfies the condition 0 ≤ a < dp N cf. 1-28 . The distribution μ q a dp N Z p is given as μ q a dp N Z p q a dp N q 1.2 cf. 4, 10 .
We say that f is a uniformly differentiable function at a point a ∈ Z p ; we write f ∈ UD Z p if the difference quotient The q-extension of n ∈ N is defined by
We note that lim q→1 n q n. Classical Euler numbers are defined by means of the following generating function:
cf. 1-3, 5, 8, 9, 15, 16, 18-20, 23, 28, 30 , where E n denotes classical Euler numbers. These numbers are interpolated by the Euler zeta function which is defined as follows: 
where
cf. 1, 31 . By using the fermionic p-adic q-measures, he defined the fermionic p-adic q-integral on Z p as follows: We summarize our paper as follows. In Section 2, we give some fundamental properties of the q-Euler numbers and polynomials. We also give some relations related to these numbers and polynomials. By using generating functions of q-Euler numbers and polynomials of higher order, we define multivariate q-Euler zeta function Barnes-type Hurwitz q-Euler zeta function and l-function which interpolate these numbers and polynomials at negative integers. We also give contour integral representation of these functions. In Section 3, we find relation between l r E,q s, χ and ζ r q,E s, x . By using these relations, we obtain distribution relations of the generalized q-Euler numbers and polynomials of higher order. In Section 4, we find complete sums of products of these numbers and polynomials. We also give some applications related to these numbers and functions.
Some properties of q-Euler numbers and polynomials
For q ∈ C with |q| < 1,
cf. 8 , where E n,q denotes the q-Euler number and |t log q| < π.
Observe that by 2.1 we have The q-Euler polynomials are also defined by means of the following generating function 8 :
where |t log q| < π;
2.4
By comparing the coefficients of t n on both sides of the above equation, we have the following theorem. Theorem 2.1. Let n be nonnegative integer. Then
with the usual convention about replacing E n q x by E n,q x .
By using 2.5 , we have
From 2.3 , by applying Cauchy product and using 2.1 , we also obtain
By comparing the coefficients of t n on both sides of the above equation, we have 
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2.11
By comparing the coefficients of t n on both sides of the above equation, we have Theorem 2.2. By substituting x n, with n ∈ Z into 2.3 , then we have
Thus,
2.13
Hence, by 2.13 , we have
2.14
By the generating function of q-Euler numbers and polynomials and by 2.14 , we see that
Hacer Ozden et al.
7
By comparing the coefficients of t n on both sides of 2.15 , we obtain the following alternating sums of powers of consecutive q-integers as follows. 
The above formula is well known in the number theory and its applications. 
2.22
From 2.22 , we define the analytic function which interpolates higher-order q-Euler numbers at negative integers as follows. 
By using the above equation, Ryoo et al. 14 and Simsek 23 also define 2.23 .
By substituting s −k, k ∈ Z into 2.23 and using 2.24 , after some calculations, we arrive at the following theorem.
Observe that the function ζ r q,E s, x interpolates E r n,q x polynomial at negative integers. By using the complex integral representation of generating function of the polynomials E r n,q x , we have
where C is Hankel's contour along the cut joining the points z 0 and z ∞ on the real axis, which starts from the point at ∞, encircles the origin z 0 once in the positive counterclockwise direction, and returns to the point at ∞ see for detail 13, 17, 25, 28 
2.31
By applying the kth derivative operator
2.32
By using 2.32 , we define Dirichlet-type multiple Euler q-l-function as follows. By substituting s −k, k ∈ Z into 2.33 and using 2.32 , we arrive at the following theorem.
2.37
We note that
where E n,χ are called classical Euler numbers attached to χ of higher order, cf. 28 . By using 2.26 , 2.36 , we obtain another proof of 2.37 . 
Relation between

3.1
By substituting 2.23 into the above equation, we arrive at the following theorem. 
